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We introduce formal deformation theory of module homomorphisms. To study this we
introduce a deformation cohomology of module homomorphisms.
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1. Introduction
M. Gerstenhaber introduced algebraic deformation theory in a series of papers
[7],[8],[9], [10], [11]. He studied deformation theory of associative algebras. De-
formation theory of associative algebra morphisms was studied by M. Gerstenhaber
and S.D. Schack [12], [13], [14]. Deformation theory of Lie algebras was studied by
Nijenhuis and Richardson [1], [2]. Algebraic deformations of modules were first stud-
ied by Donald and Flanigan [19]. They had to restrict themselves to finite dimensional
algebras R over a field k and finite dimensional R-modules M. Recently, deformation
theory of modules (without any restriction on dimension) was studied by Donald Yau
in [18].
Organization of the paper is as follows. In Section 2, we recall some definitions
and results. In Section 3, we introduce deformation complex and deformation coho-
mology of a module homomorphism. In Section 4, we introduce deformation of a
module homomorphism. In this section we prove one of our most important results
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that obstructions to deformations are cocycles. In Section 5, we study equivalence of
two deformations and rigidity of a module homomorphism.
2. Preliminaries
In this section, we recall definition of Hochschild cohomology, and deformation of
a module from [18]. Throughout this paper, k denotes a commutative ring with unity,
A denotes an associative k-algebra, and M denotes a (left) A-module. Also, we write
⊗ for ⊗k, the tensor product over k, and A
⊗n for A ⊗ · · · ⊗ A (n factors). We use
notation (x, y) for x⊕ y ∈M1 ⊕M2 and x⊗ y ∈ A
⊗2 both and recognize them from
context.
Let A be an associative k-algebra and F be an A-bimodule . Let Cn(A;F ) =
homk(A
⊗n, F ), for all integers n ≥ 0. In particular, C0(A;M) = Homk(k,M) ≡
M. Also, define a k-linear map δn : Cn(A;F )→ Cn+1(A;F ) given by
δnf(x1, · · · , xn+1) = x1f(x2, · · · , xn+1) +
n∑
i=1
(−1)if(x1, · · · , xixi+1, · · · , xn+1)
+(−1)n+1f(x1, · · · , xn)xn+1,
for n ≥ 1. δ0(m)(a) = am − ma, for all m ∈ M , a ∈ A. This gives a cochain
complex (C∗(A;F ), δ) , cohomology of which is denoted by H∗(A;F ) and called as
Hochschild cohomology of A with coeffiecients in F.
Let M and N be (left) A-modules. The set of k-linearmaps fromM to N,Homk(M,N),
has a structure of an A-bimodule such that
(rf)(m) = r(f(m)) and (fs)(m) = f(sm),
for all r, s ∈ A, f ∈ Homk(M,N) andm ∈M . In particular, the set of k-linear endo-
morphisms of M, End(M) is A-bimodule. Moreover, End(M) is also an associative
k-algebra with composition of endomorphisms as product.
From [18], we recall definition of deformation of a left A-module M. Note that
A-module structure on M is equivalent to an associative algebra morphism ξ : A →
End(M) such that ξ(r)m = rm, for all r ∈ A andm ∈M.
Definition 2.1. Let A be an associative k-algebra and M be a left A-module.
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1. Define Cn(M) = Cn(A,End(M)), ∀n ≥ 0. Then (C∗(M), δ) is a cochain
complex. We call the cohomology of this complex as deformation cohomology of
M and denote it by H∗(M).
2. A formal one-parameter deformation of M is defined to be the formal power
series ξt =
∑∞
i=0 ξit
i, such that
(a) ξi ∈ Homk(R,End(M)), ∀ i, ξ0 = ξ.
(b) ξt(rs) = ξt(r)ξt(s), ∀r, s ∈ A.
Note that condition (b) in above definition is equivalent to ξn(rs) =
∑
i+j=n ξi(r)ξj(s),
for all n ≥ 0.
Definition 2.2. A formal one-parameter deformation of order n for M is defined to be
the formal power series ξt =
∑n
i=0 ξit
i, such that
(a) ξi ∈ Homk(R,End(M)), ∀ i, ξ0 = ξ.
(b) ξt(rs) = ξt(r)ξt(s), (modulo t
n+1) ∀r, s ∈ A.
Note that condition (b) in above definition is equivalent to ξl(rs) =
∑
i+j=l ξi(r)ξj(s),
for all n ≥ l ≥ 0.
3. Deformation complex of module homorphism
Definition 3.1. Let M, N be left A-modules and φ : M → N be an A-module homor-
phism.We define
Cn(φ) = Cn(A;End(M))⊕ Cn(A;End(N))⊕ Cn−1(A;Homk(M,N)),
for all n ∈ N and C0(φ) = 0. For any A-module homomorphism φ : M → N ,
u ∈ Cn(A;End(M)), v ∈ Cn(A;End(N)), define φu : A⊗n → Hom(M,N) and
vφ : A⊗n → Homk(M,N) by φu(x1, x2, · · · , xn)(m) = u(u(x1, x2, · · · , xn)(m)),
vφ(x1, x2, · · · , xn)(m) = v(x1, x2, · · · , xn)(φ(m)), for all (x1, x2, · · · , xn) ∈ A
⊗n,
m ∈M. Also, we define dn : Cn(φ)→ Cn+1(φ) by
dn(u, v, w) = (δnu, δnv, φu − vφ− δn−1w),
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for all (u, v, w) ∈ Cn(φ). Here the δn’s denote coboundaries of the cochain complexes
C∗(A;End(M)), C∗(A;End(N)) and C∗(A;Homk(M,N)).
Proposition 3.1. (C∗(φ), d) is a cochain complex.
Proof. We have
dn+1dn(u, v, w) = dn+1(δnu, δnv, φu− vφ− δn−1w)
= (δn+1δnu, δn+1δnv, φ(δnu)− (δnv)φ− δn(φu − vφ− δn−1w))
One can easily see that δn(φu − vφ) = φ(δnu) − (δnv)φ. So, since δn+1δnu = 0,
δn+1δnv = 0, δn+1δnw = 0, we have dn+1dn = 0. Hence we conclude the result.
We call the cochain complex (C∗(φ), d) as deformation complex of φ, and the
corresponding cohomology as deformation cohomology of φ. We denote the deforma-
tion cohomology byHn(φ), that is Hn(φ) = Hn(C∗(φ), d). Next proposition relates
H∗(φ) to H∗(A,End(M)), H∗(A,End(N)) andH∗(A,Homk(M,N)).
Proposition 3.2. IfHn(A,End(M)) = 0,Hn(A,End(N)) = 0 andHn−1(A,Homk(M,N)) =
0, thenHn(φ) = 0.
Proof. Let (u, v, w) ∈ Cn(φ) be a cocycle, that is dn(u, v, w) = (δnu, δnv, φu −
vφ − δn−1w) = 0. This implies that δnu = 0, δnv = 0, φu − vφ − δn−1w = 0.
Hn(A,End(M)) = 0 ⇒ u = δn−1u1 and H
n(A,End(N)) = 0 ⇒ δn−1v1 = v,
for some u1 ∈ C
n−1(A,End(M)) and v1 ∈ C
n−1(A,End(N)). So 0 = φu −
vφ − δn−1w = φ(δn−1u1) − (δ
n−1v1)φ − δ
n−1w = δn−1(φu1) − δ
n−1(v1φ) −
δn−1w = δn−1(φu1 − v1φ − w). So φu1 − v1φ − w ∈ C
n−1(A,Homk(M,N)) is
a cocycle. Now, Hn−1(A,Homk(M,N)) = 0 ⇒ φu1 − v1φ − w = δ
n−2w1, for
some w1 ∈ C
n−2(A,Homk(M,N))⇒ φu1 − v1φ− δ
n−2w1 = w. Thus (u, v, w) =
(δn−1u1, δ
n−1v1, φu1− v1φ− δ
n−2w1) = d
n−1(u1, v1, w1), for some (u1, v1, w1) ∈
Cn−1(φ). Thus every cocycle in Cn(φ) is a coboundary. Hence we conclude that
Hn(φ) = 0.
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4. Deformation of a module homorphism
Definition 4.1. Let M and N be (left) A-modules. A formal one-parameter deformation
of a module homomorphism φ :M → N is a triple (ξt, ηt, φt), in which:
1. ξt =
∑∞
i=0 ξit
i is a formal one-parameter deformation forM .
2. ηt =
∑∞
i=0 ηit
i is a formal one-parameter deformation for N .
3. φt =
∑∞
i=0 φit
i, where φi : M → N is a module homomorphism such that
φt(ξt(r)m) = ηt(r)φt(m), for all r ∈ A,m ∈M and φ0 = φ.
Therefore a triple (ξt, ηt, φt), as given above, is a formal one-parameter deforma-
tion of φ provided following properties are satisfied.
(i) ξt(rs) = ξt(r)ξt(s), for all r, s ∈ A;
(ii) ηt(rs) = ηt(r)ηt(s), for all r, s ∈ A;
(iii) φt(ξt(r)m) = ηt(r)φt(m), for all r ∈ A,m ∈M .
The conditions (i), (ii) and (iii) are equivalent to following conditions respectively.
ξl(rs) =
∑
i+j=l
ξi(r)ξ(s), for all r, s ∈ A, l ≥ 0. (1)
ηl(rs) =
∑
i+j=l
ηi(r)η(s), for all r, s ∈ A, l ≥ 0. (2)
∑
i+j=l
φi(ξj(r)m) =
∑
i+j=l
ηi(r)(φj (m)); for all r ∈ A, m ∈M l ≥ 0. (3)
Now we define deformation of finite order.
Definition 4.2. Let M and N be be (left) A-module. A deformation of order n of a
module homomorphism φ : A→ B is a triple (ξt, ηt, φt), in which:
1. ξt =
∑n
i=0 ξit
i is a formal one-parameter deformation of order n forM .
2. ηt =
∑n
i=0 ηit
i is a formal one-parameter deformation of order n forN .
3. φt =
∑n
i=0 φit
i, where φi : M → N is a module homomorphism such that
φt(ξt(r)m) = ηt(r)φt(m), (modulo t
n+1) for all r ∈ A,m ∈M and φ0 = φ.
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Remark 4.1. • For r = 0, conditions 1, 2 and 3 are equivalent to the fact that M
and N are (left) A-modules and φ is a module homomorphism, respectively.
• For l = 1, 1, 2 and 3 are equivalent to δ1ξ1 = 0, δ
1η1 = 0 and φξ1 − η1φ −
δφ1 = 0, respectively. Thus for l = 1, 1, 2 and 3 are equivalent to saying that
(ξ1, η1, φ1) ∈ C
1(φ) is a cocycle. In general, for l ≥ 2, (ξl, ηl, φl) is just a
1-cochain in C1(φ).
• Condition (3) in Definition 4.2 is equivalent to
∑
i+j=l
φi(ξj(r)m) =
∑
i+j=l
ηi(r)(φj(m)); for all r ∈ A, m ∈M n ≥ l ≥ 0
.
Definition 4.3. The 1-cochain (ξ1, η1, φ1) in C
1(φ) is called infinitesimal of the defor-
mation (ξt, ηt, φt). In general, if (ξi, ηi, φi) = 0, for 1 ≤ i ≤ n− 1, and (ξn, ηn, φn)
is a nonzero cochain in C1(φ, φ), then (µn, νn, φn) is called n-infinitesimal of the de-
formation (ξt, ηt, φt).
Proposition 4.1. The infinitesimal (µ1, ν1, φ1) of the equivariant deformation (ξt, ηt, φt)
is a 1-cocycle in C1(φ). In general, n-infinitesimal (ξn, ηn, φn) is a cocycle in C
1(φ).
Proof. For n=1, proof is obvious from the Remark 4.1. For n > 1, proof is similar.
We can write equations 1, 2 and 3 for l = n+1 using the definition of coboundary
δ as
δ1ξn+1(a, b) = −
∑
i+j=n+1
i,j>0
ξi(a)ξj(b), for all a, b ∈ A. (4)
δ1ηn+1(a, b) = −
∑
i+j=n+1
i,j>0
ηi(a)ηj(b), for all a, b ∈ A. (5)
(φξn+1)(a) − (ηn+1φ)(a) − δ
0φn+1(a)
=
∑
i+j=n+1
i,j>0
(ηiφj)(a)−
∑
i+j=n+1
i,j>0
(φiξj)(a), (6)
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for all a ∈ A . By using equations 4, 5 and 6 we have
d1(ξn+1, ηn+1, φn+1)(a, b, x, y, p)
= (−
∑
i+j=n+1
i,j>0
ξi(a)ξj(b),−
∑
i+j=n+1
i,j>0
ηi(x)ηj(y),
∑
i+j=n+1
i,j>0
(ηiφj)(p)−
∑
i+j=n+1
i,j>0
(φiξj)(p)), (7)
for all a, b, x, y, p ∈ A.
Define a 2-cochain Fn+1 by
Fn+1(a, b, x, y, p)
= (−
∑
i+j=n+1
i,j>0
ξi(a)ξj(b),−
∑
i+j=n+1
i,j>0
ηi(x)ηj(y),
∑
i+j=n+1
i,j>0
(ηiφj)(p)−
∑
i+j=n+1
i,j>0
(φiξj)(p)). (8)
Definition 4.4. The 2-cochain Fn+1 ∈ C
2(φ) is called (n+ 1)th obstruction cochain
for extending the given deformation of order n to a deformation of φ of order (n+ 1).
Now onwards we denote Fn+1 by Obn+1(φt)
We have the following result.
Theorem 4.1. The (n+1)th obstruction cochainObn+1(φt) is a 2-cocycle.
Proof. We have,
d2Obn+1 = (δ
2(O1), δ
2(O2), φO1 −O2φ− δ
1(O3)),
where O1, O2 and O3 are given by
O1(a, b) = −
∑
i+j=n+1
i,j>0
ξi(a)ξj(b),
O2(x, y) = −
∑
i+j=n+1
i,j>0
ηi(x)ηj(y),
O3(p) =
∑
i+j=n+1
i,j>0
(ηiφj)(p)−
∑
i+j=n+1
i,j>0
(φiξj)(p).
From [18], we have δ2(O1) = 0, δ
2(O2) = 0. So, to prove that d
2Obn+1 = 0, it
remains to show that φO1−O2φ−δ
1(O3) = 0. To prove that φO1−O2φ−δ
1(O3) = 0
we use similar ideas as have been used in [5] and [6]. We have,
(φO1 −O2φ)(x, y) = −
∑
i+j=n+1
i,j>0
φξi(x)ξj(y) +
∑
i+j=n+1
i,j>0
ηi(x)ηj(y)φ (9)
and
δ1(O3)(x, y) =
∑
i+j=n+1
i,j>0
η0(x)(ηiφj)(y)−
∑
i+j=n+1
i,j>0
(ηiφj)(xy)
+
∑
i+j=n+1
i,j>0
(ηiφj)(x)ξ0(y)−
∑
i+j=n+1
i,j>0
η0(x)(φiξj)(y)
+
∑
i+j=n+1
i,j>0
(φiξj)(xy) −
∑
i+j=n+1
i,j>0
(φiξj)(x)ξ0(y). (10)
From 3, we have
φjξ0(y) =
∑
α+β=j
α,β≥0
ηα(y)φβ −
∑
p+q=j
1≤q≤j
φpξq(y) (11)
Substituting expression for φjξ0 from 11, in the third sum on the right hand side of 10
we can rewrite it as
∑
i+j=n+1
i,j>0
(ηiφj)(x)ξ0(y) =
∑
i+j=n+1
i,j>0
∑
α+β=j
α,β≥0
ηi(x)ηα(y)φβ
−
∑
i+j=n+1
i,j>0
∑
p+q=j
1≤q≤j
ηi(x)φpξq(y) (12)
The first sum of 12 splits into two sums as
∑
i+j=n+1
i,j>0
∑
α+β=j
α,β≥0
ηi(x)ηα(y)φβ =
∑
i+j=n+1
i,j>0
∑
α+β=j
β>0
ηi(x)ηα(y)φβ +
∑
i+j=n+1
i,j>0
ηi(x)ηj(y)φ
(13)
The second sum on the r.h.s. of 13 appears as second sum on the r.h.s. of 9. By applying
a similar arguement to the fourth sum on the r.h.s. of 10, using 3 on φkµ0(y, z), one
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can rewrite it as
−
∑
i+j=n+1
i,j>0
η0(x)(φiξj)(y) =
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i0
ηα(x)φβξj(y)
−
∑
i+j=n+1
i,j>0
∑
p+q=i
p,q≥0
φpξq(x)ξj(y) (14)
The second sum of 14 splits into two sums as
−
∑
i+j=n+1
i,j>0
∑
p+q=i
p,q≥0
φpξq(x)ξj(y) = −
∑
i+j=n+1
i,j>0
∑
p+q=i
p>0
φpξq(x)ξj(y) (15)
−
∑
i+j=n+1
i,j>0
φξi(x)ξj(y). (16)
As above second sum on r.h.s. of 15 is first sum on the r.h.s. of 9.
In the first sum on the r.h.s. of 10, we use 2 to substitute η0(x)ηi(y) to obtain
∑
i+j=n+1
i,j>0
η0(x)ηi(y)φj =
∑
i+j=n+1
i,j>0
ηi(xy)φj
−
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i0
ηα(x)ηβ(y)φj . (17)
First sum on the r.h.s. of 17 cancels with the second sum on the r.h.s. of 10. In the
sixth sum on the r.h.s. of 10, we use 1 to substitute ξj(x)ξ0(y) to obtain
−
∑
i+j=n+1
i,j>0
φiξj(x)ξ0(y) =
∑
i+j=n+1
i,j>0
∑
α+β=j
1≤β≤j0
φiξα(x)ξβ(y)
−
∑
i+j=n+1
i,j>0
φiξj(xy) (18)
second sum on the r.h.s. of 18 cancels with the fifth sum on the r.h.s. of 10.
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From our previous arguements we have,
φO1 −O2φ− δ
2(O3)(x, y)
= −
∑
i+j=n+1
i,j>0
∑
p+q=j
1≤q≤j
ηi(x)φpξq(y) +
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i
ηα(x)φβξj(y)
−
∑
i+j=n+1
i,j>0
∑
p+q=i
p>0
φpξq(x)ξj(y) +
∑
i+j=n+1
i,j>0
∑
α+β=j
1≤β≤j0
φiξα(x)ξβ(y)
−
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i0
ηα(x)ηβ(y)φj +
∑
i+j=n+1
i,j>0
∑
α+β=j
β>0
ηi(x)ηα(y)φβ (19)
We have
∑
i+j=n+1
i,j>0
∑
p+q=j
1≤q≤j
ηi(x)φpξq(y) =
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i
ηα(x)φβξj(y)
=
∑
α+β+γ=n+1
α,γ>0
β≥0
ηα(x)φβξγ(y) (20)
∑
i+j=n+1
i,j>0
∑
p+q=j
1≤q≤j
φpξq(x)ξj(y) =
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i
φiξα(x)ξβ(y)
=
∑
α+β+γ=n+1
α,γ>0
β≥0
φαξβ(x)ξγ(y). (21)
∑
i+j=n+1
i,j>0
∑
α+β=j
1≤β≤j
ηα(x)ηβ(y)φj =
∑
i+j=n+1
i,j>0
∑
α+β=i
1≤α≤i
ηi(x)ηα(y)φβ
=
∑
α+β+γ=n+1
α,γ>0
β≥0
ηα(x)ηβ(y)φγ (22)
Hence, from 19, 20, 21 and 22, we have
φO1 −O2φ− δ
2(O3)(x, y) = 0
This completes the proof of the theorem.
Theorem 4.2. Let (ξt, ηt, φt) be a deformation of φ of order n. Then (ξt, ηt, φt) ex-
tends to a deformation of order n + 1 if and only if cohomology class of (n + 1)th
obstruction Obn+1(φt) vanishes.
10
Proof. Suppose that a deformation (ξt, ηt, φt) of φ of order n extends to a deformation
of order n + 1. This implies that 1,2 and 3 are satisfied for r = n + 1. Observe that
this implies Obn+1(φt) = d
1(ξn+1, ηn+1, φn+1). So cohomology class of Obn+1(φt)
vanishes. Conversely, suppose that cohomology class of Obn+1(φt) vanishes, that is
Obn+1(φt) is a coboundary. Let
Obn+1(φt) = d
1(ξn+1, ηn+1, φn+1),
for some 1-cochain (ξn+1, ηn+1, φn+1) ∈ C
1(φ). Take
(ξ˜t, η˜t, φ˜t) = (ξt + ξn+1t
n+1, ηt + ηn+1t
n+1, φt + φn+1t
n+1)
. Observe that (µ˜t, ν˜t, φ˜t) satisfies 1,2 and 3 for 0 ≤ l ≤ n + 1. So deformation
(ξ˜t, η˜t, φ˜t) of φ is an extension of (µt, νt, φt) and its order is n+ 1.
Corollary 4.1. If H2(φ) = 0, then every 1-cocycle in C1(φ) is an infinitesimal of
some formal deformation of φ.
5. Equivalence of deformations, and rigidity
Recall from [18] that a formal isomorphism between the deformations ξt and ξ˜t
of a module M is a k[[t]]-linear automorphism Ψt : M [[t]] → M [[t]] of the form
Ψt =
∑
i≥0 ψit
i, where each ψi is a k-linear mapM →M , ψ0(a) = a, for all a ∈ A
and ξ˜t(r)Ψt(m) = Ψt(ξt(r)m), for all r ∈ A,m ∈M
Definition 5.1. Let (ξt, ηt, φt) and (ξ˜t, η˜t, φ˜t) be two deformations of φ. A formal
isomorphism from (ξt, ηt, φt) to (ξ˜t, η˜t, φ˜t) is a pair (Ψt,Θt), where Ψt : M [[t]] →
M [[t]] and Θt : N [[t]] → N [[t]] are formal isomorphisms from ξt to ξ˜t and ηt to η˜t,
respectively, such that
φ˜t ◦Ψt = Θt ◦ φt.
Two formal deformations (ξt, ηt, φt) and (ξ˜t, η˜t, φ˜t) are said to be equivalent if there
exists a formal isomorphism (Ψt,Θt) from (ξt, ηt, φt) to (ξ˜t, η˜t, φ˜t).
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Definition 5.2. Any deformation of φ : M → N that is equialent to the deformation
(ξ0, η0, φ) is said to be a trivial deformation.
Theorem 5.1. The cohomology class of the infinitesimal of a deformation (ξt, ηt, φt)
of φ : A→ B is determined by the equivalence class of (ξt, ηt, φt).
Proof. Let (Ψt,Θt) from (ξt, ηt, φt) to (ξ˜t, η˜t, φ˜t) be a formal isomorphism. So, we
have ξ˜tΨt = Ψtξt, η˜tΘt = Θtηt, and φ˜t ◦Ψt = Θt ◦ φt. This implies that ξ1 − ξ˜1 =
δ0ψ1, η1 − η˜1 = δ
0θ1 and φ1 − φ˜1 = φψ1 − θ1φ. So we have d
1(ψ1, θ1, 0) =
(ξ1, η1, φ1)− (ξ˜1, η˜1, φ˜1). This finishes the proof.
Definition 5.3. A module homomorphism φ : M → N is said to be rigid if every
deformation of φ is trivial.
Theorem 5.2. A non-trivial deformation of a module homomorphism is equivalent to
a deformation whose n-infinitesimal is not a coboundary, for some n ≥ 1.
Proof. Let (ξt, ηt, φt) be an equivariant deformation of φwith n-infinitesimal (ξn, ηn, φn),
for some n ≥ 1. Assume that there exists a 1-cochain (ψ, θ,m) ∈ C1G(φ, φ) with
d(ψ, θ,m) = (ξn, ηn, φn). Since d(ψ, θ,m) = d(ψ, θ + δm, 0), without any loss of
generality we may assumem = 0. This gives ξn = δψ, ηn = δθ, φn = φψ− θφ. Take
Ψt = IdA+ψt
n,Θt = IdB = θt
n. Define ξ˜t = Ψt◦ξt◦Ψ
−1
t , η˜t = Θt◦ηt◦Θ
−1
t , and
φ˜t = Θt◦φt◦Ψ
−1
t . Clearly, (ξ˜t, η˜t, φ˜t) is an equivariant deformation of φ and (Ψt,Θt)
is an equivariant formal isomorphism from (ξt, ηt, φt) to (ξ˜t, η˜t, φ˜t). For u, v ∈ A,
we have ξ˜t(Ψtu,Ψtv) = Ψt(ξt(u, v)), which implies ξ˜i = 0, for 1 ≤ i ≤ n. For
u, v ∈ B, we have η˜t(Θtu,Θv) = Θt(ηt(u, v)), which implies η˜i = 0, for 1 ≤ i ≤ n.
For u ∈ A, we have φ˜t(Ψtu) = Θt(φtu), which gives φi = 0, for 1 ≤ i ≤ n. So
(ξ˜t, η˜t, φ˜t) is equivalent to the given deformation and (ξ˜i, η˜i, φ˜i) = 0, for 1 ≤ i ≤ n.
We can repeat the arguement to get rid off any infinitesimal that is a coboundary. So
the process must stop if the deformation is nontrivial.
An immediate consequence of the Theorem 5.2 is following corollary.
Corollary 5.1. IfH1(φ) = 0, then φ :M → N is rigid.
From Proposition 3.2 and Theorem 5.2, we conclude following Corollary.
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Corollary 5.2. If H1(M) = 0, H1(N) = 0, and H0(M,N) = 0, then φ : M → N
is rigid.
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